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Games & Equilibria

Equilibria: Eg. Goalkeeper

plays LEFT
A pa i r of

"""!!!!!!""

£ the opponent
strategies s o t h a t

plays RIGHT.

n o player has incentive ↓
to deviate i f the o t h e r Penalty Shot Game t h e goalkeeper has a n

i n c e n t i ve t o deviate.

player stays put. -



Games & Equilibria

Equilibria:

A pa i r of randomized

"!"!!""!!""

strategies s o t h a t

n o player has incentive

to deviate i f the o t h e r Penalty Shot Game

player stays put.
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Equilibria: play L E F T w/prob. 12

{ R I GHT w/prob 1/2.* pa int
randomized

""""!"!"☁

Left +1 - I - I + 1 opponent
strategies s o t h a t

n o player has incentive

to deviate i f the o t h e r Penalty Shot Game

player stays put.
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Equilibria: play L E F T w/prob. 12
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strategies s o t h a t

n o player has incentive

to deviate i f the o t h e r Penalty Shot Game

player stays put.
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Left +1 - I - I + 1 opponent
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n o player has incentive

to deviate i f the o t h e r Penalty Shot Game

player stays put.
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Equilibria: play L E F T w/prob. 12

A pa i r of randomized D IVE { R I GHT w/prob 1/2.

Left +1 - I - I + 1 opponent
strategies.tw

!"""!""

e*aedn

#

n o player has incentive
R L R R

to deviate i f the o t h e r Penalty Shot Game - 1 + 1

L L L R

+ 1 - 1
player stays put.
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Equilibria: play L E F T w/prob. 12

A pa i r of randomized { R I GHT w/prob 1/2.

Left +1 - I - I + 1 opponent
strategies s o t h a t
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e,,a,py?⃝

n o player has incentive
R L R R

to deviate i f the o t h e r Penalty Shot Game ½-1 + % + 1 19=1-p)
L L L R

½ + I + 9/2-1
player stays put.



Games & Equilibria LRIGHTmsp.LEF
-m1-PQgoalk.eepe r

Equilibria: play L E F T w/prob. 12

A pa i r of randomized { R I GHT w/prob 1/2.

Left +1 - I - I + 1 opponent
strategies s o t h a t

!""""""

e,,a,py?⃝

n o player has incentive
R L R R

to deviate i f the o t h e r Penalty Shot Game ½-1 + % + 1

L L L R
= 0

½ + I + 9/2-1
player stays put.



# players u s In]

∀p u s Sp (strategies a v a i l a b l e t o player p)

Up: S, x s , x . . . × Sn → R

↑

Up (S1, S2 , . . . , Sp, . . .

,
Sn)

↓



2(p+x)-4px-1

Left : p Right: q p+q=,
Spose ✗ = ½ u s 0

Left : a Right: y Xty = , Spose ✗ = ¼ 2p-P -± =p-1/2

p -314

E/payoff) = px 1-1) + py/+1) + 9×1+1) + ay 1- 1)
⇒ "4

= - P X + p/1-x ) + 11-p) x - 11-p) ( 1 - X)

= Ip tx) - 3px - {1-p-✗ + px}

= 2/Ptx) - 4px - 1



Randomized Strategy

-

Sp u s strategies ava i lab le t o player p .

⚠

(Sp) m s s e t of a l l distributions o v e r Sp.

Sp = { a , b, c }

A- (sp) = {(p.9.rs/p+atr=1}



Expecte
d

Utilities

-

Up (X,...., Xp...., Xn) = E. Up (s,. . . . . Sn)
S, N X ,

§ :

S n u X n

EA/Sp)



Nash Equilibrium

-

A col lect ion (x,...., Xn) i s a NASH EQUILIBRIUM

i f ∀p. Up ( x , . . . . . Xn) ≥ Up/×,,.... Xp',. . . , Xn)

∀xp∈ A (Sp)
(assuming

q plays Xq ∀ q t p ,

player p h a s n o r e a s o n t o n o t play Xp.)
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two-player Z e r o - s u m game
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(von Neumann, '28) A Nash Equilibrium always ex is ts for

two-player Z e r o - s u m games.
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(von Neumann, '28) A

"

Equihbrium always ex is ts for

two-player Z e r o - s u m games.



Left + 1 - I - I - I

!"""!"""

minimax

equilibrium

(von Neumann, '28) A

"

Equihbrium always ex is ts for

two-player Z e r o - s u m games.

(Nash, '50) An equilibrium exists for every game.



"!""" "! !""

→
m i n - m a x

equilibrium

(von Neumann, '28) A

"

Equihbrium always ex is ts for

two-player Z e r o - s u m games.

(Nash, '50) An equilibrium exists for every" game. (* finite#of players)



(Brouwer, 1910) Let f : D → D be a

cont inuous function

from a c o n v e x and,compact s u b s e t D

I closed Ee bounded)

o f t h e Euclidean space t o itself.

Then ∃ a n ✗ E D s u ch t h a t f ix ) = × .
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t o
Cont inuous, So t h a t

t h e fixed points
correspond to NE .Penalty Shot Game
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Sperner's Lemma 1217)

-
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11É .



!!"!!"&&



Sperner's Lemma 1217)

-

I f
t h e boundary

i s legally colored &

m a n , a . n o w ,

!"!'

i n t e r n a l nodes a r e colored



Sperner's Lemma 1217)

-

I f then
t h e boundary §i s legally added &

!!!!!!!

hefore

regardless of h o w t h e ①a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.
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Sperner's Lemma 1217)

-

I f then
t h e boundary §i s legally added &

!!!!!!!

hefore

regardless of h o w t h e ①a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.



Sperner ⇒ Brouwer

f : [0,172 → [0,172

1. For a l l ∈ , existence of a n approximate fixed point

I f ( x ) -✗ I C E

c a n be s h o w n using Sperner

2 . T h e n u s e compactness.



Sperner m s The Computational Edition

Input: Grid of s i z e 2" w i t h t h e standard coloring

o n t h e o u t e r boundary
-

↑
Colorings of t h e i n t e r n a l ver t ices a r e / /2"
given by a n o r a c l e :

-

↓
← 2 " -

Col (x,y) → { ,
,
}

Output : A tr ichromatic Ale.



Nash Equilibrium a s The Computational Version

Input. ① A game given by

☆ # of players (n)

☆ Strategy sets Sp for al l pe 1,2,.. . . n

☆ Utility function up : S → R for all p

② A n approximation requirement ∈ .



Nash Equilibrium a s The Computational Version

*

Output. An

#

Nash Equilibrium of t h e game

∀p. Up ( x , . . . . . Xn) ≥ Up/×,,..., Xp',. . . , Xn) - ∈

∀xp∈ A (Sp)

* helps guarantee polynomial output complexity.



Function NP (FMP)

(capturing search problems)

Search Problem. L i s defined by a r e l a t i o n

R , E {0.1}" × {0,1}*

( x ,y ) E R , i f y i s a solut ion to × .
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L i s to ta l i f ∀ x Fy s i t . (x ,y) E RL .
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Function NP (FMP)

(capturing search problems)

A sea rch problem i s i n FNP i f

∃ a poly t i m e algorithm ALL;-) Ee a polynomial function Pl.) S i r .

* x , y ; A l x , y) = 1 i f A,lx,y) = 1 i f (x, y) E L

Hx . Fy S.t. (x,y) E R, ⇒ ∃ 7 w i t h 121 ≤ P,/1×1) s i t . IX.7) ∈ Re

T FN P = { L E FNP I L i s to ta l } .



-

Sperner )
Na s h

"

E TEMP
-

Brouwer / .

-



L E F N P Karp L' E F N P
→

Reduction(Ar, P,) (Ai , P,)
f

f : {0,1}" → {0,1}" m a p s inputs of L t o inputs to L .

Hx.y : A l fa ) , y) = 1 ⇒ Al lx , gly)) = 1

i f f l x ) h a s a s o l u t i o n unde r L' t h e n ✗ m u s t have a solution under L

* × : A,/fix),y) = 0 fy ⇒ Ailey) = 0 ∀y

i f f ( x ) has n o so lu t ion then ✗ h a s n o s o l u t i o n e i t h e r .



A s e a r c h problem i s FNP- complete if

L E FNP

% ∀ L'EFNP, L' i s poly-time reducible to L .

(SAT i s FNP-complete.)



L E F N P Karp L' E F N P
→

S AT (Ar, p,)
Reduction (Ay, P,)

Sperner

f

f : {0,1}" → {0,1}" m a p s inputs of L t o inputs to L .

Hx.y : Alf ix) , y) = 1 ⇒ Al lx , gly)) = 1

i f f l x ) h a s a s o l u t i o n unde r L' t h e n ✗ m u s t have a solution under L

* × : A,/fix),y) = 0 fy ⇒ Ailey) = 0 ∀y

i f f ( x ) has n o so lu t ion then ✗ h a s n o s o l u t i o n e i t h e r .



A Complexity Theory

I f
Total Search Problems

→



A Complexity Theory

I f
① identify a comb ina to r i a l Total Search Problems

→
argument of e x i s t e n c e

t h a t m a k e s t h e s e search

problems total



② define a complexity class

A Complexity Theory "inspired" by the

T f o argument of existence

① identify a comb ina to r i a l Total Search Problems
→

argument of e x i s t e n c e

t h a t m a k e s t h e s e search

problems total



② define a complexity class

A Complexity Theory "inspired" by the

T f o argument of existence

① identify a comb ina to r i a l Total Search Problems
→

argument of e x i s t e n c e

t h a t m a k e s t h e s e search ③ Justify t h e definition

'

problems total



Sperner's Lemma 1217)

-

I f then
t h e boundary §i s legally added &

!!!!!!!

hefore

regardless of h o w t h e ①a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.



Sperner's Lemma 1217)

-

I f then
t h e boundary

t h e re e x i s t a n

" '" "" " " e d "

⚠

m a n ,

www..gg

!"!

a#latherefore

a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.
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Sperner's Lemma (2D)

4 Yo u your
→

I f He then
t h e boundary

t h e re e x i s t a n

i s legally colored & odd# (& therefore

regardless of h o w t h e f¥ a t least one) of

i n t e r n a l nodes a r e

fi
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€§§

trichromatic A's.
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Sperner's Lemma (2D)

4 Yo u your
→

I f He then
t h e boundary

t h e re e x i s t a n

i s legally colored & odd# (& therefore

regardless of h o w t h e f
⚠

a t least one) of

i n t e r n a l nodes a r e

ff

"⚠

€§§

trichromatic A's.



only p u r s u e
R-y doors

Sperner's Lemma 1217)

4 Yo u your
→

I f He then
t h e boundary

t h e re e x i s t a n

i s legally colored & odd# (& therefore

regardless of h o w t h e

•

""!(!

" " s t o n e s of

i n t e r n a l nodes a r e closed

⚠

trichromatic A's.



only p u r s u e
R-y doors

Sperner's Lemma 1217)

W Y o n your

I f He then
t h e boundary

t h e re e x i s t a n

i s legally colored £ ①odd# /& therefore

m a n , , , , ① a . a . me , ,
i n t e r n a l nodes a r e

Ii
⚠

É
∄∄

trichromatic A's.



only p u r s u e
R-y doors

Sperner's Lemma 1217)

-

I f l e t
→ then

t h e boundary
t h e re e x i s t a n

i s legally colored &

regardless

!

If

!""!"! !!!

in

! !

i n t e r n a l nodes a r e colored
trichromatic A's.



only p u r s u e
R-y doors

Sperner's Lemma 1217)

-

I f l e t
→ then

t h e boundary

i s legally colored & f
" " " "" "

regardless

of

!!

{if

!!!&!

" " * " " " "

a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.



only p u r s u e
R-y doors

Sperner's Lemma (2D)

-

I f l e t
→ then

t h e boundary
t h e re e x i s t a n

i s legally colored &

regardless of h o w

th

!"!!!!!!!

" # " t " "

a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.



only p u r s u e
R-y doors

Sperner's Lemma 1217)

-

I f l e t
→ then

t h e boundary
t h e re e x i s t a n

i s legally colored &

regardless of

in

!

ILL

!!&!""!!

* * " t " "

a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.



only p u r s u e
R-y doors

Sperner's Lemma 1217)

-

I f l e t
→ then

t h e boundary
t h e re e x i s t a n

i s legally colored &

regardless of

in

!

ILL

!!&!""!!

* * " t " "

a t least one) of

i n t e r n a l nodes a r e colored
trichromatic A's.



Graph G

V (G) m s Ales from t h e grid

⊛oe@

* → ☆
eofde
oaa.ci,
V
000
0001

Two A's a r e connected i f they share

a RY door t ha t c a n be crossed w / yellow o n your left.



Graph G

V (G) m s Ales from t h e grid

indeg (v) ≤ 1 he outdeglo) ≤ I
⊛oe@

☆ → ☆
eofde
ooa.ci,
V
000
0001

Two A's a r e connected i f they share

a RY door t ha t c a n be crossed w / yellow o n your left.



Graph G
isolated ve r t i c e s

V(G) u s Ales from t h e grid

indeg (v) ≤ / he outdeglo) ≤ / ☆ ☆

☆ ☆0
" "

← Cycles
paths

☆ ☆



if J o e G S .t .

V

! !

v i s unbalanced

(i.e, indeg(v) ≠ outdeg (o))

then ∃ u # V S .t . U i s unbalanced also.



if J o e G S .t .

V

! !

v i s unbalanced

(i.e, indeg(v) ≠ outdeg (o))

then ∃ u # V S .t . U i s unbalanced also.

Ʃ indeg ( w ) + indeg ( r ) = (ECG)/ = Ʃ outdeg(w) + outdeg (o)
W E VCG) WEV(G)
W # V

W e r



The P PA D Class

-

A graph w / ve r tex set {0.1}" i s defined by two circuits

node ☆→ ☆

i d
→ PR

"

→

node

i d V, V2

node
→ N

#

→

rode PREV (vz) = V,

id id
& NEXT (V.) = V2



The P PA D Class

-
-

END-OF-THE-LINE. Given PREV & NEXT,

i f 0" i s a n unbalanced node,

find a n o t h e r unbalanced node .

P PA D w e {L/ L E F N P & L i s poly-time reducible

to t h e END-OF-THE-LINE problem.}



Easy to c h e c k : i s 0 unbalanced?

i f
(PREVIY)

= On & NEXT ( x ) =
On)

o r
-

PREVIO) = ✗
(PREVIY)#On & NEXT ( x ) ≠ On):

NEXT 10") = y
O" i s balanced

O n :

0" i s n o t balanced



FNP

↑

PPAD

↗ PPAD c o n t a i n s

Sperner
prob lems tha t w e

↑ c a r e a b o u t

Brouwer



FNP

↑
Are t h e s e problems

a l s o complete for P PAD ?
PPAD

↗ PPAD c o n t a i n s

Sperner
prob lems tha t w e

↑ c a r e a b o u t

Brouwer



FNP

↑
Are t h e s e problems

a l s o complete for P PAD ?
PPAD

↗ PPAD c o n t a i n s

Spertner
prob lems tha t w e

I c a r e a b o u t

Brouwer



FNP

↑
Are t h e s e problems

a l s o complete for P PAD ?
PPAD

↗ PPAD c o n t a i n s

Spertner
prob lems tha t w e

I c a r e a b o u t

Brouwer ↔ NASH









Hex. & its dual graph representation



Hex. & its dual graph representation



Goal.
-

E n t e r t h e board

!""!!

w / r e d o n your left

& b lue o n your right



Goal.
-

E n t e r t h e board

!!! !!

°

w / r e d o n your left

& b lue o n your right

A ♀



A

e x i t@ 1
Goal.
I → victory for b l u e

" " " " "

"

"!!"!"!

exit@

2

w / r e d o n your left
→ victory for red

& b lue o n your right

A ♀


